In this paper, we obtain the annuli that contain all the zeros of the polynomial p(z) = a 0 + a 1 z + a 2 z 2 + · · · + a n z n , where a i 's are complex coefficients and z is a complex variable. Our results sharpen some of the recently obtained results in this direction. Also, we develop a MATLAB code to show that for some polynomials the bounds obtained by our results are considerably sharper than the bounds obtainable from the known results.
Introduction and statement of results
Gauss and Cauchy were the earliest contributors in the theory of the location of zeros of a polynomial, and since then this subject has been studied by many people (for example, see [1] [2] [3] ). There is always a need for better and better results in this subject because of its application in many areas, including signal processing, communication theory, and control theory.
The first result concerning the location of the zeros of a polynomial was obtained by Gauss, which was improved by Cauchy [4] and who proved the following: 
The above result of Cauchy was sharpened by Datt and Govil [5] (also, see Joyal et al. [6] ), who proved the following: 
where A = max 0≤j≤n−1 |a j |. 
Theorem 1.1 of Cauchy was also refined by Sun and Hsieh [8] (also, seeZilović et al. [9] ), who proved 
Here η and A = max 0≤j≤n−1 |a j |, are as defined in Theorem 1.1.
The above result of Sun and Hsieh [8] was later refined by Jain [10] . Recently, Affane-Aji et al. [11] presented a result which not only includes the above results of Cauchy [4] , Sun and Hsieh [8] , and Jain [10] as special cases but also in general provides a tool for obtaining sharper bounds for the location of the zeros of a polynomial. More precisely, they proved the following: 
⊆ {z : |z| < 1 + δ 1 } ⊆ {z : |z| < 1 + A} , where δ k is the unique positive root of the kth degree equation As is easy to verify, for k = 1 the above theorem reduces to Theorem 1.1 due to Cauchy [4] , for k = 3 to the result of Sun and Hsieh [8] , and for k = 4 it reduces to the result due to Jain [10] .
In this paper we sharpen the above Theorem 1.5 due to Affane-Aji et al. [11] . Note that if we combine Theorems 1.2 and 1.5, we easily get the following result, which clearly is a refinement of Theorem 1.5. 
, where δ k is as defined in Theorem 1.5, and A = max 0≤j≤n−1 |a j |.
Similarly, one can obtain a refinement of Theorem 1.5 by combining Theorem 1.5 with Theorem 1.3.
In this paper, we obtain a refinement of Theorem 1.5, which for many polynomials gives much better bounds than obtainable Theorem 1.6. For this, we develop MATLAB code and use it to construct polynomials, and demonstrate that for these polynomials the regions obtained by our Theorems 1.7 and 1.8 are considerably sharper than those obtained by Theorems 1.2, 1.3 and 1.6.
More precisely, we prove the following:
All the zeros of the polynomial
⊆ {z : |z| < 1 + δ 1 } ⊆ {z : |z| < 1 + A} , where δ k is as defined in Theorem 1.5, and
Here M = R n+1
with R = 1 + δ k , and A = max 0≤j≤n−1 |a j |.
Note that R = 1 + δ k > 1, for every positive integer k. Also, it is obvious that, in general Theorem 1.7 sharpens Theorem 1.5.
Here, we will as well be proving the following, which, as is evident, also refines Theorem 1.5. 
Here δ k , for some positive integer k, is as defined in Theorem 1.5, and C n j are the binomial coefficients defined by
Lemmas
For the proofs of the theorems we will need the following lemmas.
shows that the estimate is sharp.
The above lemma is due to Govil et al. [12] .
The above lemma is due to Govil and Jain [13, Lemma 3] , and follows easily on applying Lemma 1 to the function
, which clearly satisfies the hypotheses of Lemma 1. We omit the details.
Also, we would be needing the following well-known result. no zero in |z| < R 1 , where R 1 is given by (7) .
Let
Note that f (0) = 0, and f (0) = a 1 . Therefore, if we apply Lemma 2 to the function f (z), we will get
Hence, for |z| ≤ R,
and the proof of Theorem 1.7 is thus complete.
Proof of Theorem 1.8. Again, in view of Theorem 1.5, to prove Theorem 1.8, we need only to show that p(z) has no zeros in |z| < r 1 , when r 1 is given by (8) .
It is clear from the definition of r 1 in (8) that
Then, for |z| < r 1 , where r 1 is as defined in (8), we get
, by (13) = 0, by Lemma 3. Therefore, |p(z)| > 0, if |z| < r, implying p(z) has no zero in |z| < r 1 , and the proof of Theorem 1.8 is thus complete.
MATLAB and some illustrative examples
As mentioned in Section 1, here we develop MATLAB code, and use this to construct examples of polynomials for which the annuli containing all the zeros of the polynomials obtainable by our results (Theorems 1.7 and 1.8) are considerably sharper than the annuli obtainable from the known results (Theorems 1.2 and 1.3), and Theorem 1.6. Also, we calculate the area of each of these annuli and compare it with the area of the annulus containing actual zeros of the polynomial, by computing the percentage error in each case.
Note that for the sake of consistency, in all the examples while applying Theorems 1.7 and 1.8, we have taken the degree k of the polynomial Q k (x) to be 20.
Here, we present four examples. In Example 1, our Theorem 1.8 gives the sharpest bound, in Example 2, again our Theorem 1.8 gives the sharpest bound, although in terms of the area of the annulus both Theorems 1.7 and 1.8 give almost the same bound. In case of Example 3, our Theorem 1.7 gives the sharpest bound. Our last example is the one considered in Diaz-Barrero [7] and we see that for the polynomial in this example, although the inner radius of the annulus obtained by Theorem 1.3 is slightly bigger, but in terms of area, our Theorem 1.8 again gives the sharpest bound.
By using MATLAB code we find that the annulus obtained by Theorem 1.2 is 0.000244 ≤ |z| ≤ 3.997070, by Theorem 1.3 it is 0.326236 ≤ |z| ≤ 84.562500, by Theorem 1.6 it is 0.000244 ≤ |z| ≤ 3.212565, while by Theorem 1.7 it is 0.160449 ≤ |z| ≤ 3.212565, and finally if we use Theorem 1.8 it comes out to be 0.500000 ≤ |z| ≤ 3.212565. Thus for this polynomial Theorem 1.8 gives the sharpest bound. By using MATLAB code, we also calculated the actual zeros and found that they all lie in the annulus 0.88060468 ≤ |z| ≤ 3.21256457 which has the area equal to 29.986836.
In terms of percentage error, the area of the annulus obtained by Theorem 1.2 differs from the area of the actual annulus by about 67.38%, obtainable from Theorem 1.3 by about 74814.93%, obtainable from Theorem 1.6 by about 8.12%, and the one obtained from Theorem 1.7 by about 7.85%, while the area of the annulus obtained from Theorem 1.8 differs from the area of the actual annulus only by about 5.50%, showing that for this polynomial not only Theorem 1.8 gives annulus of the smallest area but also the annulus obtained by Theorem 1.8 is considerably sharper (from 67.38% and 74814.93% to merely 5.50%) than the annuli obtainable from Theorems 1.2 and 1.3.
× 10
−45 ≤ |z| ≤ 2.500167, while by using Theorem 1.7 it comes out to be 0.000013 ≤ |z| ≤ 2.500167 and by using Theorem 1.8 it is 0.000926 ≤ |z| ≤ 2.500167. Thus for this polynomial also Theorem 1.8 gives the sharpest bound. By using MATLAB code, we also calculated the actual zeros and found that they all lie in the annulus 0.46924606 ≤ |z| ≤ 2.47891379, which has the area equal to 18.613376.
In terms of percentage error the area of the annulus obtained by Theorem 1.2 differs from the area of the actual annulus by about 50956.39%, the one obtainable from Theorem 1.3 by about 1319836323746.17%, and obtainable from Theorem 1.6 by about 5.502534%, while the one obtained from Theorem 1.7 differs by about 5.502534%, and the area of the annulus obtained from Theorem 1.8 differs from the area of the actual annulus by only about 5.502519%, again showing that for this polynomial not only Theorem 1.8 gives annulus of the smallest area but also the annulus obtained by Theorem 1.8 is considerably sharper (from 50956.39% and 1319836323746.17% to merely 5.502519%) than the annuli obtained from Theorems 1.2 and 1.3. In fact, in terms of percentage error the area of the annuli obtained by all our three Theorems 1.6-1.8 turn out to be almost equal. gives the best bound.
By using MATLAB code we find that the area of the annulus obtained by Theorem 1.2 is 0.000114 ≤ |z| ≤ 4.998720, by Theorem 1.3 it is 0.026608 ≤ |z| ≤ 3.065262, by Theorem 1.6 it is 0.000114 ≤ |z| ≤ 1.898089, while by applying Theorem 1.7 it comes out to be 0.242399 ≤ |z| ≤ 1.898089 and lastly by Theorem 1.8 it is 0.046875 ≤ |z| ≤ 1.898089.
Thus for this polynomial, Theorem 1.7 gives the sharpest bound. By using MATLAB code, we also calculated the actual zeros and found that they all lie in the annulus 0.69055058 ≤ |z| ≤ 1.73312317, which has the area equal to 7.938352.
In terms of percentage error the area of the annulus obtained by Theorem 1.2 differs from the area of the actual annulus by about 888.87%, area of the annulus obtainable from Theorem 1.3 by about 271.81%, that obtainable from Theorem 1.6 by about 42.58%, and the one obtained from Theorem 1.7 by about 40.252785%, while the area of the annulus obtained from Theorem 1.8 differs from the area of the actual annulus by about 42.491136%, showing that for this polynomial, in terms of area of the annulus, Theorem 1.7 not only gives the annulus of the smallest area but also the error is considerably reduced from 888.87% and 271.81% to only 40.252785%. this is the only one considered by Diaz [7] .
By using MATLAB code we find that the annulus obtained by Theorem 1.2 is 0.021875 ≤ |z| ≤ 1.875000, and by Theorem 1.3 it is 0.583333 ≤ |z| ≤ 1.231277, by Theorem 1.6 it is 0.021875 ≤ |z| ≤ 1.175100. If we use Theorem 1.7, the annulus containing all the zeros comes out to be 0.441461 ≤ |z| ≤ 1.175100, and finally by using Theorem 1.8 it is 0.559344 ≤ |z| ≤ 1.175100. By using MATLAB code, we also calculated the actual zeros and found that they all lie in the annulus 0.80578775 ≤ |z| ≤ 0.93204888, which has the area equal to 0.689332.
In terms of percentage error the area of the annulus obtained by Theorem 1.2 differs from the area of the actual annulus by about 1502.01%, the one obtainable from Theorem 1.3 by about 435.85%, the one obtainable from Theorem 1.6 by about 529.10%, while the one we get from Theorem 1.7 differs by about 440.50%, and finally the area of the annulus obtained from Theorem 1.8 differs from the area of the actual annulus by only about 386.73%, showing that although the inner radius obtained by Theorem 1.3 is bigger by about .024, but the annulus containing all the zeros that is obtained by Theorem 1.8 is of the smallest area.
